Patchworking theorems serve as a basic element of the correspondence between tropical and algebraic curves, which is a core of the tropical enumerative geometry. We present a new version of a patchworking theorem which relates plane tropical curves with complex and real algebraic curves having prescribed multiple points. It can be used to compute Welschinger invariants of non-toric Del Pezzo surfaces.
Introduction
The patchworking construction in the toric context is originated in the Viro method suggested in 1979-80 for obtaining real algebraic hypersurfaces with prescribed topology [19, 20, 21] . Later it was developed and applied to other problems, in particular, to the tropical geometry. Namely, it serves as in important step in the proof of a correspondence between tropical and algebraic curves which in turn is a core of the enumerative applications of the tropical geometry (see, for example, the foundational Mikhalkin's work [9] and other versions and modifications in [10, 13, 15, 17] ). We continue the latter line and present here a new patchworking theorem. The novelty of our version is that it allows one to patchwork algebraic curves with prescribed multiple points, whereas the similar existing statements in tropical geometry apply only to nonsingular or nodal curves.
1
The cited results are restricted to the case of curves in toric varieties (for example, the plane blown up in at most three points). Since the consideration of curves on a blown up surface is equivalent to the study of curves with fixed multiple points on the original surface, one can apply the tropical enumerative geometry to count curves on the plane blown up at more than three points. This approach naturally leads to the question: What are the plane tropical curves which correspond (as nonArchimedean amoebas or logarithmic limits) to algebraic curves with fixed generic multiple points on toric surfaces? The question appears to be more complicated than that resolved in [9, 13] , and no general answer is known so far.
The goal of the present paper is to prove a patchworking theorem for a specific sort of plane tropical curves, i.e. we show that each tropical curve in the chosen class gives rise to an explicitly described set of algebraic curves on a given toric surface, in a given linear system, of a given genus, and with a given collection of fixed points with prescribed multiplicities (Theorem 2, section 3). Furthermore, in the real situation, we compute the contribution of the constructed curves to the Welschinger invariant (Theorem 3, section 3).
In fact, we do not know all the tropical curves, which may give rise to the above algebraic curves, and, furthermore, we restrict our patchworking theorem to a statement which is sufficient to settle the two following problems:
• to prove recursive formulas of the Caporaso-Harris type for the Welschinger invariants of ÔP 1 Õ 2 Ô0,2Õ , the quadric hyperboloid, blown up at two imaginary points, and for P 2 Ôk,2lÕ , k 2l 5, l 1, the plane, blown up at k generic real points and at l pairs of conjugate imaginary points [6] ;
• to establish a new correspondence theorem between algebraic curves of a given genus in a given linear system on a toric surface and some tropical curves, and find new real tropical enumerative invariants of real toric surfaces [18] .
We mention here an important consequence of the former result 
Ô0,2Õ
was known before [4, 5] .
Preliminary notations and definitions. If P R n is a pure-dimensional lattice polyhedral complex, dim P d n, by P we denote the lattice volume of P , counted so that the lattice volume of a d-dimensional lattice polytope ∆ R n is the ratio of the Euclidean volume of ∆ and of the minimal Euclidean volume of a d-dimensional lattice simplex in the linear d-subspace of R n , parallel to the affine d-space spanned by ∆. In particular, P #P if P is finite.
Given a lattice polyhedron ∆, by Tor K Ô∆Õ 2 we denote the toric variety over a field K, associated with ∆, and by L ∆ we denote the tautological line bundle (i.e. the bundle generated by the monomials z ω , ω È ∆, as global sections). The divisors 2 We omit subindex in the complex case writing simply TorÔ∆Õ.
Tor K ÔσÕ Tor K Ô∆Õ, corresponding to the facets (faces of codimension 1) σ of ∆, we call toric divisors. By Tor K Ô ∆Õ we denote the union of all the toric divisors in Tor K Ô∆Õ.
The main field we use is K We remind here the definition of Welschinger invariants [23] , restricting ourselves to a particular situation. Let Σ be a real unnodal (i.e. without Ô¡nÕ-curves, In what follows we shall use a generalized definition of the Welschinger sign of a curve. Namely, let C be a real algebraic curve on a smooth real algebraic surface Σ, and let p Σ be a conjugation invariant finite subset. Assume that C has no singular local branches (i.e. is an immersed curve). Then we define the Welschinger sign W Σ,p ÔCÕ Ô¡1Õ sÔC,Σ,pÕ , where sÔC, Σ, pÕ
C ½ being the strict transform of C under the blow up of Σ at p, and sÔC ½ , zÕ is the number of solitary nodes in a local δ-const deformation of the singular point z of C ½ into δÔC ½ , zÕ nodes, where δ denotes the δ-invariant of singularity (i.e., the maximal possible number of nodes in its deformation). It is evident that sÔC ½ , zÕ is correctly defined modulo 2, and hence W Σ,p ÔCÕ is well-defined.
Organization of the material. In section 2, we set forth the geometry of plane tropical curves adapted to our purposes, completing with the definition of weights of tropical curves which, in the complex case, designate the number of algebraic curves associated with the given tropical curves in the further patchworking theorem, and, in the real case, the contribution of the real algebraic curves in the associated set to the Welschinger number. In section 3, we provide two patchworking theorems, the complex and the real one, in which we explicitly construct algebraic curves associated to the tropical curves under consideration. Acknowledgement. The author was supported by the grant no. 465/04 from the Israel Science Foundation, a grant from the Higher Council for Scientific Cooperation between France and Israel, and a grant from the Tel Aviv University. This work was completed during the author's stay at the Centre Interfacultaire Bernoulli, Ecole Polytechnique Fédérale da Lausanne and at Laboratoire Emile Picard, Université Paul Sabatier, Toulouse. The author thanks the CIB-EPFL and UPS for the hospitality and excellent working conditions. Special thank are due to I. Itenberg, who pointed out a mistake in the preliminary version of Theorem 3. Finally, I express my gratitude to the unknown referee for numerous remarks, corrections, and suggestions.
Parameterized plane tropical curves
For the reader's convenience, we remind here some basic definitions and facts about tropical curves, which we shall use in the sequel. The details can be found in [8, 9, 12] .
Definition
An abstract tropical curve is a compact graph Γ without divalent vertices and isolated points such that Γ ΓÞΓ 0 , where Γ 0 is the set of univalent vertices, is a metric graph whose closed edges are isometric to closed segments in R, and nonclosed edges Γ-ends are isometric to rays in R or to R itself. Denote by Γ 0 , resp. Γ 0 , the set of vertices of Γ, resp. Γ, and split the set Γ 1 of edges of Γ into Γ 1 , the set of the Γ-ends, and Γ 1 , the set of closed (finite length) edges of Γ. The genus of
where Γ is an abstract tropical curve and h : Γ R 2 is a continuous map whose restriction to any edge of Γ is a non-zero Z-affine map and which satisfies the following balancing and nondegeneracy conditions at any vertex v of Γ: For each
and
where τ v ÔeÕ is the unit tangent vector to an edge e at the vertex v. The degree of a PPT-curve ÔΓ, hÕ is the unordered multi-set of vectors ØdhÔτÔeÕÕ : e È Γ 1 Ù, where τ ÔeÕ denotes the unit tangent vector of a Γ-end e pointing to the univalent vertex.
Observe that
what immediately follows from the balancing condition (2) . We shall also use another form of the Γ-end-balancing condition. For each Γ-end e pick any point
where R πß2 is the (positive) rotation by πß2. This is an elementary consequence of the stuff discussed in the next section: one can lift a PPT-curve to a plane algebraic curve over a non-Archimedean field, consider the defining polynomial, and then use the fact that the product of the roots of the (quasihomogeneous) truncations of this polynomial on the sides of its Newton polygon equals 1. We leave details to the reader.
Since dh v ÔÔτ v ÔeÕÕ È Z 2 , we have a well-defined positive weight function w : Γ 1 Z in the relation dh v Ôτ v ÔeÕÕ wÔeÕu v ÔeÕ with u v ÔeÕ being the primitive integral tangent vector to hÔeÕ, emanating from hÔvÕ. In the sequel, when modifying tropical curves we speak of changes of edge weights, which in terms of h and Γ means that h remains unchanged whereas the metric on the chosen edges is multiplied by a constant.
Observe that a connected component of ΓÞF , where F is finite, naturally induces a new PPT-curve (further on referred to as induced) when making the metric on the non-closed edges of that component complete and respectively correcting the map h on these edges. These induced curves and the unions of few of them, coming from the same ΓÞF , are called PPT-curves subordinate to ÔΓ, hÕ.
The deformation space MÔΓ, hÕ of a PPT-curve ÔΓ, hÕ is obtained by variation of the length of the finite edges of Γ and combining h with shifts. It can be identified with an open rational convex polyhedron in Euclidean space, and its closure MÔΓ, hÕ can be obtained by adding the boundary of that polyhedron which corresponds to PPT-curves with some edges e È Γ 1 contracted into points.
Deformation equivalent PPT-curves are often called to be of the same combinatorial type. The degree and the genus are invariants of the combinatorial type as well as the following characteristics. We call a PPT-curve ÔΓ, hÕ
• simple if Γ is trivalent, and
• pseudo-simple if, for any vertex v È Γ 0 incident to m 3 edges e 1 , e 2 , ..., e m , one has u v Ôe 1 Õ u v Ôe j Õ, 1 j m, and only two distinct vectors among u v Ôe 2 Õ, ..., u v Ôe m Õ.
In
Newton polygon and its subdivision dual to a plane tropical curve
Given a PPT-curve Q ÔΓ, hÕ, the image T hÔΓÕ R 2 is a finite planar graph, which supports an embedded plane tropical curve (shortly EPT-curve) h ¦ Q :
ÔT, h ¦ wÕ with the (edge) weight function
The respective balancing condition immediately follows from (2). Furthermore, there exists a convex lattice polygon ∆ R 2 (different from a point) and a convex piece-wise linear function
such that
• T is the corner locus of f T ,
• for any two linearity domains D 1 , D 2 of f T , corresponding to linear functions in formula (5) with gradients ω 1 , ω 2 , respectively, and having a common edge E Here the polygon ∆, called the Newton polygon of Q, is defined uniquely up to a shift in R 2 , and f T is defined uniquely up to addition of a linear affine function.
The Legendre dual to f T function ν T : ∆ R is convex piece-wise linear, and its linearity domains define a subdivision S T of ∆ into convex lattice subpolygons.
This subdivision S T is dual to the pair ÔR 2 , T Õ in the following way: there is 1-to-1 correspondence between the faces of subdivision of R 2 determined by T and the faces of subdivision S T such that (i) the sum of the dimensions of dual faces is 2, (ii) the correspondence inverts the incidence relation, (iii) the dual edges of T and of S T are orthogonal, and the weight of an edge of T equals the lattice length of the dual edge of S T . In particular, If V Ôα, βÕ is a vertex of T , then ∇ν T Ô¡α, ¡βÕ along the dual polygon ∆ V of the subdivision S T .
Furthermore, we can obtain an extra information on the subdivision S T out of the original PPT-curve Q. Namely,
• with each edge e È Γ 1 we associate a lattice segment σ e which is orthogonal to hÔeÕ and satisfies σ e wÔeÕ,
• with each vertex v È Γ 0 we associate a convex lattice polygon ∆ v , whose sides are suitable translates of the segments σ e , e È Γ 1 , v È e. Denote by σ v,e the side of ∆ v , which is a translate of σ e and whose outward normal is dh v Ôτ v ÔeÕÕ.
Let a polygon ∆ V of the subdivision S T be dual to a vertex V of T . Then (up to a shift)
In this connection, we can speak on ∇ν T along the polygons ∆ v appearing in (6) .
A EPT curve T is called nodal, if the dual subdivision S T consists of triangles and parallelograms, i.e., when the non-trivalent vertices of T are locally intersections of two straight lines. A nodal EPT curve canonically lifts into a simple PPT curve when one resolves all nodes of the given curve.
Compactified tropical curves
For a given convex lattice polygon ∆, different from a point, we define a compactification R 
If ∆ is a segment, then we take ∆ ½ ∆ ¢ σ, σ being a transverse lattice segment, and define R 2 ∆ as the quotient of R 2 ∆ ½ by contracting the sides parallel to σ. We observe that the rays in R 2 , directed by an external normal u to a side σ of ∆ and emanating from distinct points on a line, transverse to σ, close up at distinct points on the part of ÔR 
Marked tropical curves
An abstract tropical curve with n marked points is a pair ÔΓ, GÕ, where Γ is an abstract tropical curve and G Ôγ 1 , ..., γ n Õ is an ordered n-tuple of distinct points of Γ. We say that a marked tropical curve ÔΓ, GÕ is regular if each connected component of ΓÞG is a tree containing precisely one vertex from Γ 0 . Furthermore, a marked tropical curve ÔΓ, GÕ is called 3 Clearly, the rays directed by vectors distinct from any exterior normal to sides on ∆ close up at respective vertices of R • end-marked, if G Γ 0 À and the points of G lie on the ends of Γ, one on each end, 
Proof. If such a marked PPT-curve exists, it is sufficient to uniquely restore each connected component of ΓÞG, and hence, the general situation reduces to the case of an irreducible rational PPT-curve (a subordinate curve defined by such a connected component) with Γ If there are no Γ-ends as above, from
Hence there are two non-parallel Γ-ends with marked points which merge to a common vertex v È Γ 0 , which thereby is determined uniquely. So, we remove the above Γ-ends and the vertex v from Γ, then extend the other edges of Γ coming to v up to new ends and mark on them the points mapped to hÔvÕ. Thus, the induction assumption completes the proof.
Ð

Tropically generic configurations of points
Let ∆ be a convex lattice polygon, x Ôx 1 , ..., x k Õ a sequence of distinct points in 
Lemma 2 The
∆-generic configurations with rational coordinates
Proof. Notice that there are only finitely many (up to the choice of edge weights) combinatorial types of end-marked irreducible PPT-curves under consideration and only finitely many weight collections m to consider. We shall prove that, for any such combinatorial type C of end-marked irreducible PPT-curves, the image of the natural evaluation map Ev : MÔCÕ
k¡r is nowhere dense, and hence is a finite polyhedral complex of a positive codimension. This would suffice for the proof of Lemma due to the aforementioned finiteness.
Thus, assuming that an end-marked irreducible curve ÔΓ, G, hÕ of type C matches a weighted rational configuration Ôx, mÕ, we shall show that this imposes a nontrivial relation on the coordinates of the points of x, and hence complete the proof. Clearly, any point x i È x lying on R 2 ∆ (∆ being the Newton polygon of ÔΓ, G, hÕ) is a univalent vertex for some ends of Γ, whose h-images lie on the same straight line. So, pushing all the points of x R 2 ∆ along the corresponding lines, we can make x R 2 . Take an irrational vector a È R 2 and pick the point x i È x with the maximal value of the functional Üa, xÝ. Notice that there are no vertex v È Γ 0 with Üa, hÔvÕÝ Üa, x i Ý, since otherwise, due to the balancing condition (2), one would find an end e of Γ with hÔeÕ lying entirely in the half-plane Üa, xÝ Üa, x i Ý contrary the the assumptions made. Hence, for each end e È Γ 1 with hÔeÕ passing through x i , we have Üa, τ ÔeÕÝ 0, which yields that
for any positive integers m e , and which finally implies that the coordinates of x i nontrivially enter relation (4). Proof of Lemma 3. (i) Assume that there is a point γ È ÔhÕ ¡1 ÔxÕÞG. It belongs to a component K of ΓÞG, which is a tree due to the regularity of the considered marked tropical curve, and hence, is cut by γ into two trees K 1 , K 2 , and only one of them, say K 1 contains a Γ-end free of marked points. Then, marking the new point γ, we obtain that the irreducible (rational) PPT-curve induced by K 2 is end-marked and matches a subconfiguration of x contrary to its ∆-genericity.
(ii) Observe that the image of the unmarked ray does not coincide with the image of any other edge of K, what immediately follows from the statement (i).
Next we notice that, if p is a vertex of K, e a multiple edge merging to p, then the connected component KÔeÕ of KÞØpÙ, starting with the edge e does not contain the unmarked K-end. Indeed, otherwise, we consider another edge e ½ of K merging to p so that u p Ôe ½ Õ u p ÔeÕ. Then we take the graph KÞKÔeÕ, which after a suitable modification of the weights of the edges of KÔe ½ Õ (the component of KÞØpÙ starting with e ½ ) induces an end-marked (rational) PPT-curve matching the ∆-generic configuration x, thus, a contradiction.
It follows from the latter observation that K has no edge being multiple for both of its endpoints. Indeed, otherwise we would have two vertices
by an edge e È K 1 , multiple for both v 1 and v 2 , and then would obtain that the unmarked K-end is contained either in the component of KÞØv 1 Ù starting with e, or in the component of KÞØv 2 Ù starting with e, contrary to the above conclusion.
Finally, we define an orientation of the edges of K, opposite to the required one. Start with the unmarked K-end and orient it towards its multivalent endpoint. In any other step, coming to a vertex v È K 0 along some edge, we orient all other edges merging to v outwards. Since K is a tree, the orientation smoothly extends to all of its edges. The preceding observations confirm that any edge e oriented in this manner towards a vertex v È E is simple for v. Ð
Weights of marked pseudo-simple regular PPT-curves
In this section, Q ÔΓ, G, hÕ is always a regular marked pseudo-simple PPT-curve.
Denote G G Γ 0 and G 0 GÞG , and put x hÔGÕ, x hÔG Õ. 
In particular, by Lemma 3, we have that ÔhÕ ¡1 ÔxÕ G.
Complex weights. We define the complex weight of a PTT-curve Q ÔΓ, G, hÕ as
where the values MÔQ, vÕ, MÔQ, eÕ, MÔQ, γÕ are computed along the following rules.
(M1) MÔQ, eÕ wÔeÕ for each edge e È Γ 1 .
(M2) MÔQ, γÕ
To define MÔQ, vÕ, v È Γ 0 , introduce some notation: denote by ∆ v the lattice triangle whose boundary is combined of the vectors dhÔτ v ÔeÕÕ, rotated clockwise by πß2, where e runs over all the edges of Γ emanating from v. Next, we put:
ÞG is trivalent, then it belongs to a connected component K of ΓÞG which we orient as in Lemma 3(ii) and thus define two edges e 1 , e 2 È Γ 1 merging to v. In this case we put MÔQ, vÕ 
2 as s i s r. Then we replace y ½ (resp. y ¾ ) by a generic set of distinct points y 1 , ..., y s close to y ½ (resp. distinct points y s 1 , ..., y s r close to y ¾ ), and take rational regularly end-marked PPT-curves of degree ØdhÔτ v Ôe i ÕÕÙ i 1,...,s r 1 matching the configuration y 1 , ..., y s r so that the h-image of the Γ-end of weight wÔe i Õ with the directing vector u v Ôe i Õ passes through the point y i , i 1, ..., s r (see Figure 1) .
4 By [9, Corollaries 2.24 and 4.12], the set T of these PPT-curves is finite, and they all are simple. Then put
where all terms MÔQ ½ Õ are computed by formula (7) and the rules (M1) -(M4). (7) gives
which generalizes Mikhalkin's weight introduced in [9, Definitions 2.16 and 4.15] , and coincides with the multiplicity of a tropical curve from [1] .
Real weights. A PPT-curves Q ÔΓ, G, hÕ equipped with an additional structure, a continuous involution c : ÔΓ, G, hÕ and a subdivision G ℜG ℑG invariant with respect to c, is called real. Observe that the closure of ℑΓ joins ℜΓ at vertices of valency 3 (which are not in G by condition (T2)).
The real weight of a real PPT-curve Q is defined as 
Denoting the final set of real PPT-curves by T and observing that their real weight W ÔQ ½ Õ can be computed along the above rules (W1) -(W4), we define
The fact that the latter expression does not depend on the choice of the perturbation of the points y ½ , y ¾ (cf. construction in (M5) and Figure 1 ) follows from a more general statement proven in [18] . (11))
3 Patchworking theorem
Patchworking data
Combinatorial-geometric part. In the notation of section 2.6, let Q ÔΓ, G, hÕ be a pseudo-simple irreducible regular marked PPT-curve of genus g which has a nondegenerate Newton polygon ∆ and which satisfies condition (T1)-(T3) of section 2.6.
We equip the points of G 0 with the following multiplicities:
In the sequel, byQ we denote the PPT-curve Q equipped with the subdivision 
incident to a special pair of edges is called special.
Then we assume the following:
(T4) The edges in special pairs have weight 1, and at least one of the simple edges emanating from a special vertex has weight 1. 
Notice that, in condition (T7), at most one edge e i is a Γ-end (cf. (T6)) and it must be e s .
Introduce also the semigroup Define the multiplicity function µ : p ÔK ¦ Õ 2 Z 0 such that:
• for the points p 1,x , p 2,x , where
From this definition and from the count of the Euler characteristic of Γ, we derive
Let ∆ ½ R 2 be a convex lattice polygon such that there is another lattice polygon (or segment, or point) ∆ ¾ satisfying ∆ ½ ∆ ¾ ∆. Then we have a well defined
all sides σ of ∆. We say that the tuple
, wÔeÕ iÙ for all sides σ of ∆ and all i 1, 2, ...,
In view of (15) 
p ½ and such that
• the points p È p ½ p are nonsingular for C, and ÔC ¤ Tor K Ô ∆ÕÕ p wÔeÕ , where γ ψÔpÕ È G , and e È Γ 1 merges to γ,
• the local branches of C centered at the points of C Tor K Ô ∆Õ are smooth, and, for each side σ of ∆ and each i 1, 2, ..., there are precisely Ôβ
• C has genus g ½ ,
• at each point p È p ½ ÔK ¦ Õ 2 , the multiplicity of C is mtÔC, pÕ µ ½ ÔpÕ.
We now impose new conditions on the algebraic pathchworking data: Here we verify the condition (A5) for the versions of the patchworking theorem used in [6, 18] . 
Lemma 8 Condition (A5) holds if
Moreover, all the curves C in the considered sets are nonsingular along Tor K Ô ∆Õ, are nodal outside p, and have ordinary singularity of order m ½ ÔpÕ at each point
Proof. We prove the statement only for the original data Ô∆, g, p, m, Øβ
since the other compatible tuples can be treated in the same way.
Observe that, in the first case, each curve C È CÔ∆, g, p, m, Øβ
In the second situation, except for finitely many lines or conics (which, of course, satisfy (A5)), the other curves obey (17) by Bezout theorem (just consider intersections with suitable lines or conics -we leave this to the reader as a simple exercise).
So, we proceed further under the condition (17). Let
µÔpÕ 1Ù. Consider the family C ½ of reduced irreducible curves C ½ È L ∆ of genus at most g, which have multiplicity µÔpÕ at each point p È p ½ , whose local branches centered along Tor K Ô ∆Õ are nonsingular, and the number of such branches crossing the toric divisor Tor K ÔσÕ Tor K Ô∆Õ with multiplicity i equals β σ i for all sides σ of ∆ and all i 1, 2, ... The classical deformation theory argument (see, for instance, [2, 3] ) Zariski tan-
Hence (see [2, 3] 
Since pÞp ½ is a configuration of generic points (partly on Tor K Ô ∆Õ), we derive that gÔCÕ g and that C is finite.
For the rest of the required statement, we assume that a curve C È C is either not nodal outside p, or has singularities on Tor K Ô ∆Õ, or has at some point p È p ÔK ¦ Õ 
The EPT-curve obtained does not depend on the choice of the defining polynomial of C and will be denoted by TropÔCÕ.
Observe also that the polynomial (20) can be written 
Patchworking theorems
The algebraically closed version. 
, e ℜΓ, then wÔeÕ is odd.
Theorem 3 In the notations and hypotheses of Theorem 2 and under assumptions (R1)-(R7), the following holds
where ℜCÔQÕ is the set of the real curves in CÔQÕ, and W Σ,p ÔCÕ defined in (1).
Proof of Theorem 2
Our argument is as follows. First, we dissipate each multiple point p È p of multiplicity k 1 into k generic simple points (in a neighborhood of p), and then, using the known patchworking theorems ( [13, Theorem 5] and [16, Theorem 2.4] 6 ), obtain MÔQÕ curves C È L ∆ of genus g matching the deformed configuration q. After that, we specialize the configuration q back into the original configuration p and show that each of the constructed curves converges to a curve with multiple points and tangencies as asserted in Theorem 2.
Remark 10 The deformation part of our argument works well in a rather more general situation, whereas the degeneration part appears to be more problematic, and at the moment we do not have a unified approach to treat all possible degenerations which may lead to algebraic curves with multiple points.
Following [13, Section 3] , we obtain the algebraic curves C over K as germs of one-parameter families of complex curves C ÔtÕ , t È ÔC, 0Õ, with irreducible fibres C ÔtÕ , t 0, of genus g and a reducible central fibre C Ô0Õ . The given data of Theorem 2 provide us with a collection of suitable central fibres C Ô0Õ out of which we restore the families using the patchworking statement [13, Theorem 5] .
Step 1. We start with a simple particular case which later will serve as an element of the proof in the general situation. Assume that Q is a rational, simple, regularly end-marked PPT-curve, h ¦ Q R First, we orient the edges of Γ as in Lemma 3(ii). Then define complex polynomials f e , e È Γ 1 , and f v , v È Γ 0 , in the following inductive procedure. In the very beginning, for the Γ-ends e with marked points γ, we define
where uÔeÕ
Ôp, qÕ and Ôξ, ηÕ are quasiprojective coordinates of the point iniÔpÕ on TorÔeÕ TorÔ∆Õ such that γ ψÔpÕ (here ψ is the bijection from condition (A3) above). Define a linear order on Γ 0 compatible with the orientation of Γ. On each stage, we take the next vertex v È Γ 0 and define f v and f e , where e is the edge emanation from v. Namely, the polynomials f e 1 , f e 2 associated with the two edges merging to v, determine points z 1 È TorÔσ 1 Õ, z 2 È TorÔσ 2 Õ on the surface TorÔ∆ v Õ, σ 1 , σ 2 being the sides of ∆ v orthogonal to hÔe 1 Õ, hÔe 2 Õ, respectively, and we construct a polynomial f v with Newton polygon ∆ v which defines an irreducible rational curve C v TorÔ∆ v Õ, nonsingular along TorÔ ∆ v Õ, crossing TorÔe i Õ at z i , i 1, 2, and crossing TorÔeÕ at one point z 0 (at which one has ÔC v ¤TorÔeÕÕ z 0 wÔeÕ). By [13, Lemma 3.5], up to a constant factor there are ∆ v ßÔwÔe 1 ÕwÔe 2 ÕÕ MÔQ, vÕ choices for such a polynomial f v . After that we define f e Ôx, yÕ via (22) with ξ, η the (quasihomogeneous) coordinates of z 0 in TorÔσÕ, where σ is the side of ∆ v orthogonal to hÔeÕ. So, the limit curves C k TorÔ∆ k Õ are C v for the triangles ∆ k dual to hÔvÕ, and are given by f e 1 f e 2 , where e 1 , e 2 È Γ 1 appear in the decomposition (6) of a parallelogram ∆ k .
The set of limit curves is completed by a set of deformation patterns (see [13, Sections 3.5 and 3.6]) as follows. Namely, for each edge e È Γ 1 with wÔeÕ 1, the deformation pattern is an irreducible rational curve C e TorÔ∆ e Õ, where Formula (6.4.26)], the term with the power 1ßm will vanish.
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The above collections of limit curves and deformation patterns coincide with those considered in [13] , the transversality hypotheses of [13, Theorem 5] 
MÔQ, eÕ MÔQÕ
above patchworking data gives rise to a rational curve C Tor K Ô∆Õ as asserted in Theorem 2. Notice that all these curves are nodal by construction.
Step 2. Now we come back to the general situation and deform the given configuration p into the following new configuration q.
2 with multiplicity µÔpÕ 1 (defined by (13) or (14)) we replace by µÔpÕ generic points in ÔK ¦ Õ 2 with the same valuation image ValÔpÕ Ô¡a, ¡bÕ and the initial coefficients of the coordinates close to ξ, η È C ¦ , respectively. Furthermore, we extend the bijection ψ from (A3) up to a map ψ : q G in such a way that
0 has a unique preimage, each point γ È G Γ 0 has precisely two preimages,
ÔγÕ is close to p 1,x or to p 2,x according as mtÔγÕ Ô1, 0Õ or Ô0, 1Õ,
ÔγÕ consists of two points, one close to p 1,x and the other close to p 2,x .
Next we construct a set C ½ CÔ∆, g, q, 1, Øβ σ Ù σ ∆ Õ of MÔQÕ curves with the tropicalization h ¦ Q. By Lemma 8, they are irreducible, nodal, of genus g, and with specified tangency conditions along Tor K Ô ∆Õ. Step
polynomial f e Ôx, yÕ given by (22) with the parameters described in Step 1.
(ii) Let γ È G 0 be a (trivalent) vertex v of Γ. Then f v Ôx, yÕ is a polynomial with Newton triangle ∆ v (see section 2.2) defining in TorÔ∆ v Õ a rational curve C v È L ∆v , which crosses each toric divisor of TorÔ∆ v Õ at one point, where it is nonsingular, and which passes through the two points iniÔψ ¡1 ÔγÕÕ. Observe that by [ (iv) Pick a connected component K of ΓÞG and orient it as in Lemma 3(ii). Then we inductively define polynomials for the vertices and closed edges of K: In each stage we define polynomials f v and f e for a vertex v and a simple closed edge e emanating from v, whereas the polynomials f e ½ for all the edges e ½ of K merging to v are given. Each of the latter polynomials defines a point on TorÔ ∆ v Õ, and these points are distinct. We denote their set by X. Then we choose a polynomial f v Ôx, yÕ with Newton triangle ∆ v defining an irreducible rational curve C v TorÔ∆ v Õ which
• is nonsingular along TorÔ ∆ v Õ, • crosses TorÔ ∆ v Õ at each point z È X with multiplicity wÔe ½ Õ, where the edge e ½ È Γ 1 merging to v is associated with a polynomial f e ½ which determines the point z,
• crosses TorÔ ∆ v ÕÞX at precisely one point z 0 .
Notice that z 0 is the unique intersection point of C v with the toric divisor TorÔσÕ TorÔ∆ v Õ, where σ is orthogonal to hÔeÕ, and ÔC v ¤ TorÔσÕÕ z 0 wÔeÕ. We claim that up to a constant factor there are precisely MÔQ, vÕ polynomials f v as required.
The case of a trivalent vertex v was considered in Step 1. In general, observe that the set of the required curves is finite, since we impose
conditions on the rational curves C v È L ∆v , and the conditions are independent by Riemann-Roch. The cardinality of this set does not depend neither on the choice of a generic configuration of fixed points on TorÔ ∆ v Õ, nor on the choice of an algebraically closed ground field of characteristic zero. Thus, we consider the field K and pick the fixed points on Tor K Ô ∆ v Õ so that the valuation takes them injectively to a ∆ v -generic configuration in R 2 ∆v . Then the rule (M5) and the construction in Step 1 provide MÔQ, vÕ curves as required. The fact that there are no other curves in consideration follows from a slightly modified Mikhalkin's correspondence theorem (for detail, see, for instance, [18] ).
We then define f e Ôx, yÕ via (22) Step 4. Now we define the limit curves, the deformation patterns, and the refined conditions to pass through fixed points.
For each polygon ∆ k of the subdivision S of ∆, the limit curve C k TorÔ∆ k Õ is defined by the product of the constructed above polynomials f v , f e corresponding to the summands in the decomposition (6) of ∆ k .
The deformation pattern for each edge e È Γ 1 such that wÔeÕ 1 is defined in the way described in Step 1.
At last, the condition to pass through a given point q È q such that γ ψÔqÕ È G lies in the interior of an edge e È Γ Step 5. Let us verify the hypotheses of the patchworking theorem from [13, 16] .
First requirement to the limit curves (see [13] , conditions (A), (B), (C) in section 5.1, or [16] , conditions (C1), (C2) in section 2.1) is ensured by the generic choice of iniÔqÕ, q È q. Namely, the limit curves do not contain multiple non-binomial components (i.e. defined by polynomials with nondegenerate Newton polygons), any two distinct components of any limit curve C k TorÔ∆ k Õ intersect transversally at non-singular points which all lie in the big torus ÔC ¦ Õ 2 TorÔ∆ k Õ, and, finally, the intersection points of any component of a limit curve C k with TorÔ ∆ k Õ are non-singular.
The main requirement is the transversality condition for the limit curves and deformation patterns (see [13, Section 5.2] and [16, Section 2.2]), which is relative to the choice of an orientation of the edges of the underlying tropical curve. In [13, 16] , one considers an orientation of edges of the embedded plane tropical curve (cf. section 2.2), which in our setting is just h ¦ ÔQÕ R 2 . Here we consider the orientation of the edges of the connected components of ΓÞG as defined in Lemma 3(ii). Since this orientation does not define oriented cycles and since the intersection points of distinct components of any limit curve with the toric divisors are distinct, the proof of [13, Theorem 5] and [16, Theorem 2.4] with the orientation of Γ is a word-for-word copy of the proof with the orientation of hÔΓÕ. Moreover, comparing with [13, 16] , here we impose extra conditions to pass through the points iniÔqÕ,
The deformation patterns are transversal in the sense of [13, Definition 5.2] , due to [13, Lemma 5.5 (ii)], where both the inequalities hold, since the deformation patterns are nodal ([13, Lemma 3.9]), and thus do not contribute to the left-hand side of the inequalities, whereas their right-hand sides are positive.
The transversality of a limit curve C k Σ k : TorÔ∆ k Õ in the sense of [13, Definition 5 .1] means the triviality (i.e. zero-dimensionality) of the Zariski tangent space at C k to the stratum in L ∆ k formed by the curves which split into the same number of rational components as C k (i.e. the components of C k do not glue up when deforming along such a stratum) each of them having the same number of intersection points with TorÔ ∆ k Õ as the respective component of C k and with the same intersection number, and such that all but one of these intersection points are fixed. In other words the conditions imposed on each of the components of C k determine a stratum with the one-point Zariski tangent space. Indeed, the above fixation of intersection numbers of a component C ½ of C k and all but one intersection points of C ½ with TorÔ ∆ k Õ imposed ¡C ½ K Σ k ¡1 conditions which all are independent due to Riemann-Roch on C ½ . Thus, [13, Theorem 5] applies, and each of the MÔQÕ refined patchworking data constructed above produces a curve C Tor K Ô∆Õ as asserted in Theorem 2.
Step 6. Now we specialize the configuration q into p and prove that each of the curves C È C ½ constructed above tends (in an appropriate topology) to some curvê C È L ∆ .
To obtain the required limits, we introduce a suitable topology. Since the variation of q does not affect its valuation image, the same holds for the (variable) curves C ½ È C ½ , and hence one can fix once forever the function ν : ∆ R. Then, writing each coordinate of any point q È q as X t ¡ValÔXÕ Ψ q,X ÔtÕ and each coefficient of the defining polynomials of C as A ω t νÔωÕ Ψ ω ÔtÕ, and, assuming (without loss of generality) that all the exponents of t in the above coordinates and coefficients are integral, we deal with the following topology in the space of the functions ψ ω ÔtÕ holomorphic in a neighborhood of zero: Take the C 0 topology in each subspace consisting of the functions convergent in t ε and then define the inductive limit topology in the whole space.
So, we assume that the variation of q reduces to only variation of iniÔqÕ, q È q ÔK ¦ Õ 2 , whereas the reminders of the corresponding series in t stay un-changed.
To show that that the families of the curves C È C ½ have limits, we recall that their coefficients appear as solutions to a system of analytic equations, which is soluble by the implicit function theorem due to the transversality of the initial (refined) patchworking data (cf. [13, 16] ). Thus, to confirm the existence of the limits of the curves C È C ½ , it is sufficient to show that the system of equations and the (refined) patchworking data have limits and the latter limit is transverse. In particular, we shall obtain that, in each coefficient A ω t νÔωÕ Ψ ω ÔtÕ, ω È ∆ Z 2 , the factor Ψ ω converges uniformly in the family.
We start with analyzing the specialization of limit curves. Since the given tropical curve Q stays the same, we go through the curves C v , v È Γ 0 , and C e , e È Γ 1 .
Clearly, the curves C e , e È Γ 1 , keep their form (22) with the parameters ξ, η possibly changing as iniÔqÕ tends to iniÔpÕ, p È p. Similarly, the curves C v corresponding to the vertices v È Γ 0 of valency 3 remain as described in Step 1, i.e. nodal nonsingular along TorÔ ∆ v Õ, and crossing each toric divisor at one point. Furthermore, the curves C v corresponding to the non-special vertices v È Γ 0 of valency 3, remain as described in Step 3, paragraph (iv), since the intersection points of C v with the toric divisors which correspond to the edges of Γ, merging to v, do not collate and remain generic in the specialization as they are not affected by possible collisions of the points iniÔqÕ, q È q. So, let us consider the case of a special vertex v È Γ 0 . By (T4) C v cannot split into proper components, and hence specializes into an irreducible rational curve. Furthermore, the intersection points of C v with the toric divisors which correspond to the special edges may collate forming singular points, centers of several smooth branches. So, finally, the transversality conditions for such a curve reduce to the fact, that the Zariski tangent space at C v to the stratum in L ∆v consisting of rational curves with given intersection points along the two toric divisors which are related to the oriented edges of Γ merging to v, is zerodimensional. This is precisely the same stratum conditions as in Step 5 , and the argument of Step 5 (Riemann-Roch on the rational curve C v ) shows that all the ¡C v K TorÔ∆v Õ ¡1 conditions defining the stratum in the Severi variety parameterizing the rational curves in L ∆v are independent.
Next, we notice that by assumption (T4) the possible collision of intersection points of C v with TorÔ ∆ v Õ concerns only transverse intersection points (i.e. those which correspond to edges of weight 1), and hence does not affect neither the deformation patterns, nor the refined conditions to pass through p. Thus, each of the curves C È C ½ degenerates into some curveĈ È L ∆ which is given by polynomial with coefficients A ω t νÔωÕ Ψ ω ÔtÕ, ω È ∆, containing factors Ψ ω convergent uniformly in some neighborhood of 0 in C.
Remark 11 (1) Observe that the genus ofĈ does not exceed the genus of C.
(2) Notice also that there is no need to study refinements of possible singular points appearing in the above collisions of the intersection points of C v with TorÔ ∆ v Õ. Indeed, the number of the transverse conditions we found equals the number of parameters -hence no any extra ramification is possible.
Step 7. Next we show that, at each point p È p with µÔpÕ 1, the obtained curveĈ has µÔpÕ local branches.
Considering the point p È ÔK ¦ Õ 2 as a family of points p ÔtÕ È ÔC ¦ Õ 2 , t 0, we claim that the curvesĈ ÔtÕ TorÔ∆Õ have µÔpÕ branches at p ÔtÕ , t 0. For, we will describe how glue up the limit curves formingĈ Ô0Õ whenĈ Ô0Õ deforms intoĈ ÔtÕ , t 0. Our approach is to compare the above gluing with the gluing of the limit curves in the deformation of C Ô0Õ into C ÔtÕ , t 0, where C È C ½ passes through the configuration q, and the comparison heavily relies on the one-to-one correspondence between the limit curves ofĈ and C È C ½ established in Step 6.
Let q 1 , ..., q s be all the points of the configuration q which appear in the dissipation of the point p È p (cf.
Step 2), and let γ i ψÔq i Õ, i 1, ..., s, be the corresponding marked points on Γ so that γ i È e i È Γ The same happens when C specializes intoĈ, q i , q j specialize into p, since again the aforementioned restriction gÔĈÕ gÔCÕ does not allow the limit curvesĈ i ,Ĉ ½ i glue up with the limit curvesĈ j ,Ĉ ½ j . The remaining case to study is given by the tropical data described in condition (T7), section 3.1. Without loss of generality we can assume that all the edges e 1 , ..., e s have a common vertex v and their h-images lie on the same line (see an example in Figure 3(b) ). Applying an appropriate invertible integral-affine transformation, we can make the edges e 1 , ..., e s horizontal and the point x ValÔpÕ È R 
In what follows we suppose that α s . The case α s admits the same treatment as the case of finite α s α. along the incline part of δ. The tropical limit of Ö F restricted to the above fragment consists of a subdivision of δ, determined by some extension of the function Ö ν inside δ, and of limit curves which must meet the following conditions: -these limit curves glue up into a rational curve (with Newton triangle δ), since, in the original tropical curve, the spoken fragment corresponds to a tree (see Figure  3 such that ValÔqÕ y 0 converge to p as q 1 , ..., q s tend to p, where Ö F δ is the sum of the monomials of Ö F matching the set ∆ Z 2 , and the convergence is understood in the topology of Step 6; -the subdivision of δ contains a segment Ö σ of length s lying inside the edge ÖÔ0, 0Õ, Ôs 1, 0Õ×, along which the function Ö ν is constant and such that the corresponding toric divisor TorÔÖ σÕ intersects with the limit curves at the points ξ 1 , ..., ξ s .
These restrictions and inequality (23) leave only one possibility the subdivision of δ shown in Figure 3(c,d) (the subdivision (c) for the case α α 1 ... α s , and the subdivision (d) for the case α α 1 ... α s ). The limit curve C δ ½ TorÔδ ½ Õ for a triangle δ ½ δ having a horizontal base splits into HÔδÕ distinct straight lines (any of them crossing each toric divisor at one point), where HÔδ ½ Õ is the height. The limit curve C δ ½ TorÔδ ½ Õ for a trapeze δ ½ δ splits into HÔδ ½ Õ straight lines as above and the suitable number of straight lines x const (which reflect the splitting of the trapeze into the Minkowski sum of a triangle with a horizontal segment). All the limit curves are uniquely defined by the intersections with the toric divisors TorÔσ ½ Õ for incline segments σ ½ (in our construction, these data are determined by the points qÞØq 1 , ..., q s Ù and by the condition Ôq 1 Õ y ... Ôq s Õ y 0) and by intersections with TorÔÖ σÕ introduced above. When q 1 , ..., q s tend to p, the subdivision of δ remains unchanged, whereas the limit curves naturally converge component-wise. Then we immediately derive that components of the limit curves passing through iniÔpÕ do not glue up together in the deformationĈ ÔtÕ , t È ÔC, 0Õ, since otherwise the (geometric) genus ofĈ ÔtÕ , t 0, would jump above the genus of C which is impossible (see Remark 11).
Step 8. By assumption (A5), section 3.1, the curvesĈ Tor K Ô∆Õ are immersed, irreducible, of genus g, have multiplicity µÔpÕ at each point p È p ÔK ¦ Õ 2 , and satisfy the tangency conditions with Tor K Ô ∆Õ as specified in the assertion of Theorem 2.
It remains to show that we have constructed precisely MÔQÕ curvesĈ.
Indeed, condition (16) implies that, for any dissipation of each point p È p ÔK ¦ Õ 2 into µÔpÕ distinct points there exists a unique deformation ofĈ into a curve C È C such that a priori prescribed branches ofĈ at p will pass through prescribed points of the dissipation.
Finally, we notice that the sets CÔQ 1 Õ and CÔQ 2 Õ are disjoint for distinct (nonisomorphic PPT-curvesQ 1 ,Q 2 . Indeed, the collections of limit curves as constructed in Steps 1 and 3 appear to be distinct for distinct curvesQ 1 andQ 2 and the given configuration p.
Ð
Proof of Theorem 3
The curves C È ℜCÔQÕ constructed in the proof of Theorem 2 are immersed, and hence the formula (1) for the Welschinger weight applies, thus the left-hand side of (21) is well defined.
Next we go through the proof of Theorem 2 counting the contribution to the right-hand side of (21) .
First, we deform the configuration p as described in Step 2, assuming that the deformed configuration q is Conj-invariant and that the map ψ : q G sends ℜFixÔConjÕ to ℜG and sends ℑq qÞℜq to ℑG, respectively. In particular, if p È ℜp, and the points ValÔpÕ is an image of r points of ℜG ℜΓ and s pairs of points of ℜG ℑΓ, then p deforms into r real points and s pairs of imaginary conjugate points.
Notice that the replacement of p by q causes a change of sign in the left-hand side of (21) and of the quantity of the real curves in count in the right-hand side of
